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We numerically investigate sound damping in a model of granular materials in two dimensions.
We simulate evolution of standing waves in disordered frictionless disks and analyze their damped
oscillations by velocity autocorrelation functions and power spectra. We control the strength of
inelastic interactions between the disks in contact to examine the effect of energy dissipation on sound
characteristics of disordered systems. Increasing the strength of inelastic interactions, we find that (i)
sound softening vanishes and (ii) sound attenuation due to configurational disorder, i.e. the Rayleigh
scattering at low frequencies and disorder-induced broadening at high frequencies, is completely
dominated by the energy dissipation. Our findings suggest that sound damping in granular media
is determined by the interplay between elastic heterogeneities and inelastic interactions.
I. INTRODUCTION
Granular materials consisting of macroscopic parti-
cles (their sizes range from few µm to mm) are ubiq-
uitous in nature and a better understanding of their me-
chanical properties is crucial to engineering technology
[1]. In studies of granular materials, e.g. geophysics, soil
mechanics, and civil engineering, sound characteristics
of granular materials are especially important, e.g. for
geotechnical investigations and understanding of seismic
waves [2] and earthquakes [3]. The sound characteristics
are influenced not only by grain-level properties but also
by complex structures of grains such as heterogeneous
force-chain networks visible in two-dimensional packings
of photoelastic disks [4, 5]. Because the grains are macro-
scopic in size, their motions are not affected by thermal
fluctuations [6]. Instead, they can rotate by friction and
dissipate kinetic energy by inelastic interactions [7]. In
recent years, the sound characteristics of grains on a lat-
tice, i.e. “granular crystal” [8], have widely been investi-
gated. For example, the effect of friction on sound disper-
sions was studied [9–11] on the basis of the Hertz-Mindlin
theory of contact forces [12]. In addition, the effect of in-
elastic interactions (i.e. viscous forces between the grains
in contact) on the sound characteristics was explored by
the theory of granular crystals [13].
However, granular materials in nature are mostly dis-
ordered and a little is known about sound in disordered
granular media [14]. For instance, speeds of sound in
disordered granular materials measured by experiments
[15, 16] and numerical simulations [17, 18] deviate from
the prediction by effective medium theory based on the
Hertz-Mindlin contact [19]. Recently, various anomalies
in acoustic sound in disordered systems (such as amor-
phous solids and glasses) have been pointed out by physi-
cists: (i) Because of sound dispersions, sound speeds de-
pend on frequency and those in amorphous solids exhibit
characteristic “dips” at intermediate frequencies [20, 21].
Such sound softening was probed by the Brillouin peak
of dynamic structure factors (fitted to the damped har-
monic oscillator model) in vitreous silica [22, 23] and
Lennard-Jones glasses [24], and is more enhanced by in-
creasing the degree of disorder [25]. In general, the in-
termediate frequencies, where the sound speeds become
minimum, are comparable in size with the so-called bo-
son peak frequency ΩBP [26–29]. It was found that the
Ioffe-Regel (IR) limit for transverse mode ΩIRT is close to
the boson peak frequency, whereas that for longitudinal
mode ΩIRL is much higher, i.e. Ω
IR
T ≃ ΩBP ≪ ΩIRL [30].
On the other hand, the sound speeds increase with the
frequency, i.e. sound hardening occurs, at high frequen-
cies [20–25]. (ii) Scattering attenuation of sound is also
characteristic of disordered systems such that inhomo-
geneous elastic moduli are the basics of the theory for
Rayleigh scattering [14]. In the theory of Rayleigh scat-
tering, attenuation coefficients scale as Γα ∼ ΩD+1 with
spatial dimensions D, where α = L and T for longitudi-
nal and transverse modes, respectively [31–34] (though
the logarithmic correction Γα ∼ ΩD+1 lnΩ caused by
long-ranged spatial correlations of elastic moduli was re-
cently suggested [35, 36]). However, as the sound speeds
exhibit a crossover from softening to hardening [20–25],
the scaling of attenuation coefficients changes to disorder-
induced broadening Γα ∼ Ω2 at high frequencies. Note
that the origin of the disorder-induced broadening in
glasses is structural disorder and thus is independent
of temperature [37–46]. The crossover of the attenua-
tion coefficients, as well as the boson peak in vibrational
density of states, can be explained by field-theoretical
techniques [47–50] which is based on the idea of elastic
heterogeneities [51–53]. Moreover, the measurement of
sound characteristics enables us to estimate length scales
in disordered systems which diverge at the onset of the
jamming transition [29].
Despite the success of the theory of granular crys-
tals [8–11, 13], it is still not clear how the grain-level
properties, i.e. friction and inelastic interactions, alter
the anomalous sound characteristics of disordered sys-
2tems such as the sound softening, hardening, IR lim-
its, Rayleigh scattering, and disorder-induced broaden-
ing. Recently, we have studied the influence of friction
on sound in disordered granular media [54]. However, the
effect of inelastic interactions have not yet been investi-
gated, which is our focus in this work.
In this paper, we study sound characteristics of dis-
ordered frictionless granular materials by numerical sim-
ulations. In the following, we introduce our numerical
method in Sec. II, show our results in Sec. III, and dis-
cuss our findings in Sec. IV.
II. METHOD
In this section, we explain how to prepare disordered
configurations of frictionless granular disks (Sec. II A),
introduce linear equations of motion (Sec. II B), and show
our numerical setup (Sec. II C).
A. Disordered configurations
We generate disordered configurations of two-
dimensional disks by molecular dynamics (MD) simula-
tions. To avoid crystallization of the system, we ran-
domly distribute a 50 : 50 binary mixture of N disks
in a L × L square periodic box. Different kinds of
disks have the same mass m and different diameters,
dS and dL = 1.4dS. The area fraction of the disks is
greater than the jamming transition density, i.e. φ ≡
N(d2L + d
2
S)/8L
2 = 0.9 > φJ ≃ 0.8433 [55], so that the
system is in a solid phase. The force between the disks,
i and j, in contact is modeled as a linear elastic force
fij = knξij , where kn represents the stiffness and ξij > 0
is the overlap between the disks. Then, we minimize elas-
tic energy of the system E =
∑
i>j knξ
2
ij/2 with the aid
of FIRE algorithm [56]. We stop the energy minimization
once the maximum acceleration of the disks becomes less
than 10−9d0/t
2
0 [57, 58] with the units d0 ≡ (dL + dS)/2
(i.e. the mean disk diameter) and t0 ≡
√
m/kn. In the
following, the disk positions after the energy minimiza-
tion are designated as {ri(0)} (i = 1, . . . , N).
B. Linear equations of motion
We introduce equations of motion of frictionless gran-
ular disks. Because our system (with the disk positions
{ri(0)}) is in mechanical equilibrium, small displace-
ments of the disks at time t, ui(t) ≡ ri(t)−ri(0), can be
described by linear equations of motion,
m |q¨(t)〉 = −D |q(t)〉 − B |q˙(t)〉 . (1)
Here, |q(t)〉 ≡ (u1(t), . . . ,uN (t))T is a 2N -dimensional
displacement vector. On the right-hand-side of Eq. (1),
D and B are 2N × 2N Hessian [59–62] and damping ma-
trix [63], respectively. As shown in Appendix , the Hes-
sian consists of second derivatives of the elastic energy E,
whereas the damping matrix is given by second deriva-
tives of dissipation function [63]
R(t) =
ηn
2
∑
i<j
{u˙ij(t) · nij}2 , (2)
where u˙ij(t) ≡ u˙i(t) − u˙j(t) is the relative velocity and
nij ≡ (ri − rj)/|ri − rj | is a normal unit vector. In Eq.
(2), ηn is the viscosity coefficient which determines a mi-
croscopic time scale as td ≡ ηn/kn. If we use Eq. (2),
Eq. (1) is equivalent to a numerical model of frictionless
granular disks [7], where the second term on the right-
hand-side of Eq. (1), i.e. −B |q˙(t)〉, corresponds with vis-
cous forces between the disks in contact (see Appendix
3).
C. Standing waves
To study sound properties of frictionless granular disks,
we simulate standing waves of the displacements. Em-
ploying a similar method as in Refs. [29, 35, 54], we
numerically integrate the equations of motion [Eq. (1)]
under periodic boundary conditions, where the initial ve-
locities are given by sinusoidal standing waves,
u˙i(0) = A sin(k · ri(0)) (3)
(i = 1, . . . , N). We use the amplitude vector A parallel
to the wave vector k for the analysis of longitudinal (L)
mode, while A perpendicular to k (i.e. A · k = 0) is
used to analyze transverse (T) mode [64]. Note that Eq.
(1) describes purely harmonic oscillations of the disks
around initial positions {ri(0)}. Thus, any anharmonic
behavior, e.g. opening and closing contacts [65, 66], is not
taken into account in our numerical simulations.
In the following, we scale every length and time by
d0 and t0, respectively, and use the magnitude |A| =
10−3d0/t0 [54]. We also introduce a reduced time as
ǫ ≡ td
t0
=
ηn√
mkn
(4)
to control inelasticity of the system, e.g. ǫ = 0 means that
the system is elastic and conserves total energy, whereas
large ǫ represents strong dissipation of kinetic energy [7].
III. RESULTS
In this section, we study sound damping in frictionless
granular disks. First, we analyze time development of the
standing waves (Sec. III A) and examine how the inelas-
ticity affects sound characteristics of disordered systems
(Sec. III B).
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FIG. 1. (Color online) Time development of a standing wave,
where disk velocities u˙i(t) (arrows) evolve from (a) to (d).
The amplitude vector A and wave vector k are indicated by
the vertical and horizontal arrows in (a), respectively. The
number of disks (circles) isN = 2048 and we used k ≃ 0.29d−1
0
and ǫ = 0.2.
A. Time development of standing waves
By using numerical solutions of Eq. (1), we analyze
time development of the standing waves. Figure 1 dis-
plays disk velocities u˙i(t) (arrows), where a small system
size with N = 2048 is used for visualization. As shown
in Fig. 1(a), the amplitude vector A is perpendicular to
the wave vector k, where the wave number is given by
k ≡ |k| ≃ 0.29d−10 . We used the inelasticity ǫ = 0.2 to
demonstrate energy dissipation in the system. As can
be seen, the initial standing wave [Fig. 1(a)] is attenu-
ated with time [Figs. 1(b) and (c)] and eventually dies
out in a long time limit [Fig. 1(d)]. We will show that
such the attenuation is caused by both scattering (due to
disordered configurations) and energy dissipation.
In the following analyses, we increase the number of
disks and linear system size to N = 2097152 and L ≃
1400d0, respectively, such that we can access the smallest
wave number kmin = 2π/L ∼ 10−3d−10 .
1. Velocity autocorrelation functions
We introduce Fourier transforms of the disk velocities
as u˙(k, t) =
∑N
i=1 u˙i(t)e
−Ik·ri(t), where disk positions
ri(t) are also obtained from the numerical solutions of
Eq. (1). We decompose the Fourier transforms into longi-
tudinal and transverse modes as u˙L(k, t) ≡ {u˙(k, t) · kˆ}kˆ
and u˙T (k, t) ≡ u˙(k, t)−u˙L(k, t), respectively [35], where
kˆ ≡ k/k is a unit vector parallel to k. Then, we calculate
normalized velocity autocorrelation functions (VAFs) as
Cα(k, t) =
〈u˙α(k, t) · u˙α(−k, 0)〉
〈|u˙α(k, 0)|2〉 , (5)
where α = L and T indicate the longitudinal and trans-
verse modes, respectively.
Figure 2 shows time development of the VAFs (open
symbols), where we increase the inelasticity ǫ as indi-
cated by the arrows. As can be seen, the oscillations
of the L mode [Fig. 2(a)] are faster than those of the T
mode [Fig. 2(b)] regardless of ǫ. The amplitudes of VAFs
decay in time as sound is attenuated in disordered media
[29, 35, 54]. In addition, the decay is enhanced with the
increase of ǫ. Therefore, sound damping in our system
is caused by both the scattering and energy dissipation.
Note that the VAFs are entirely damped without oscilla-
tions if the inelasticity is large enough, i.e. the data for
ǫ = 1 (triangles).
2. Power spectra
We further investigate the standing waves by power
spectra of the L and T modes
Sα(k, ω) = 〈| ˜˙uα(k, ω)|2〉 , (6)
where ˜˙uα(k, ω) ≡
∫
∞
0
u˙α(k, t)e
Iωtdt (α = L, T ) is the
Fourier transform in time. Figures 3 and 4 display loga-
rithms of the power spectra, log10 Sα(k, ω), where disper-
sion relation of the α mode is visible in the region with
high intensities (gray scale). The sound speed defined as
the slope of the dispersion relation of the L mode (Fig. 3)
is higher than that of the T mode (Fig. 4), which is con-
sistent with our observations on the VAFs (Fig. 2). The
power spectra with high wave numbers and frequencies
are extremely suppressed if we introduce the inelasticity
ǫ = 1 [Figs. 3(b) and 4(b)]. This means that the energy
dissipation is significant for fast oscillations (high ω) at
microscopic length scales (high k). Note that the wave
number used in Fig. 2 is indicated by the vertical (yellow)
dotted lines in Figs. 3 and 4. The intensities along these
lines are infinitesimal if ǫ = 1 [Figs. 3(b) and 4(b)] such
that the VAFs are damped without oscillations (Fig. 2).
B. Sound characteristics
To quantitatively extract sound characteristics of the
disks from numerical results, we fit a damped oscillation
Cα(k, t) = e
−Γα(k)t cosΩα(k)t (7)
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FIG. 2. (Color online) Time development of normalized VAFs
of the (a) L and (b) T modes, where k ≃ 2.93d−1
0
. The
inelasticity ǫ increases as indicated by the arrows and listed
in the legend of (a). The symbols are numerical results of Eq.
(5), while the lines represent the damped oscillations [Eq. (7)]
for the date of ǫ = 0 and 0.2.
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FIG. 3. (Color online) Three dimensional plots of logarithm
of the power spectrum log
10
SL(k, ω) (gray scale and contour
lines), where (a) ǫ = 0 and (b) 1 are used. The wave num-
ber used in Fig. 2 (k ≃ 2.93d−1
0
) is indicated by the vertical
(yellow) dotted lines.
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FIG. 4. (Color online) Three dimensional plots of
log
10
ST (k, ω) (gray scale and contour lines), where ǫ and the
vertical (yellow) dotted lines are as in Fig. 3.
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FIG. 5. (Color online) The IR limits ΩIRα as functions of the
inelasticity ǫ, where the squares and circles are α = L and T ,
respectively (as listed in the legend).
to the data of normalized VAF [Eq. (5)]. Here, Ωα(k)
and Γα(k) correspond to the dispersion relation and at-
tenuation coefficient of the α (= L, T ) mode, respectively
[29, 35, 54]. The solid lines in Fig. 2 are the damped oscil-
lations [Eq. (7)] for ǫ = 0 and 0.2, where we find perfect
agreements with the data by adjusting fitting parame-
ters, i.e. Ωα(k) and Γα(k), for each ǫ and k ≃ 2.93d−10 .
If ǫ = 1, however, the oscillations are entirely damped
(see triangles in Fig. 2) so that the VAFs cannot be de-
scribed by Eq. (7). This means that there is a criterion
for measuring sound properties by the damped oscilla-
tions. Therefore, we employ the Ioffe-Regel argument for
the criterion, where the damped oscillation [Eq. (7)] is
meaningful only if the condition
πΓα(k)
Ωα(k)
< 1 (8)
is satisfied [25]. Since the ratio πΓα(k)/Ωα(k) is a mono-
tonically increasing function of the wave number k, Eq.
(8) is equivalent to k < kIRα (ǫ). The limit wave number
kIRα (ǫ) is defined as πΓα[k
IR
α (ǫ)]/Ωα[k
IR
α (ǫ)] = 1, where
ΩIRα (ǫ) ≡ Ωα[kIRα (ǫ)] is the so-called Ioffe-Regel (IR)
limit [25]. As shown in Fig. 5, the IR limits monotonously
decrease with the increase of inelasticity ǫ. As in the case
of amorphous solids [25, 29], the limit for the T mode is
less than that for the L mode, i.e. ΩIRT (ǫ) < Ω
IR
L (ǫ), re-
gardless of ǫ. However, ΩIRL (ǫ) is more sensitive to ǫ
than ΩIRT (ǫ) because the viscous forces are introduced to
longitudinal relative motions between the disks in con-
tact (and transverse relative motions are not affected
by the viscous forces). Note that ΩIRL (ǫ) for ǫ < 0.3
exceeds the maximum frequency which we can access
in simulations. In addition, the wave number used in
Fig. 2 (k ≃ 2.93d−10 ) exceeds the limits for ǫ = 1, i.e.
kIRL (1) ≃ 0.52d−10 and kIRT (1) ≃ 0.47d−10 .
In the following, we only show the data in Ωα < Ω
IR
α (ǫ)
and focus on the effects of inelasticity ǫ on the anomalous
sound characteristics of disordered systems.
51. Sound speeds
First, we clarify the effect of inelasticity on speeds of
sound. Figures 6(a) and 7(a) display parametric plots of
phase speeds defined as vα(k) ≡ Ωα(k)/k and the dis-
persion relations Ωα(k) obtained by fitting the damped
oscillations [Eq. (7)] to the normalized VAFs [Eq. (5)].
In the continuum limit Ωα → 0, the phase speeds con-
verge to finite values regardless of ǫ [15–18] so that the
viscous forces between the disks in contact do not af-
fect macroscopic speeds of sound. If ǫ = 0, the system
conserves total energy and the phase speeds vα decrease
when the frequencies Ωα increase from zero (i.e. sound
softening). Such the sound softening ends at interme-
diate frequencies, i.e. ΩL ≃ 4 × 10−2t−10 [Fig. 6(a)] and
ΩT ≃ 3 × 10−2t−10 [Fig. 7(a)]. If we further increase the
frequencies, the phase speeds start to increase (i.e. sound
hardening), generating small “dips” at the intermediate
frequencies. The small dips in the phase speeds are char-
acteristic of (energy conserving) disordered media [29, 35]
and have been considered to be a sign of the boson peak
in vibrational density of states [26–28, 48]. Note that
the boson peak can be understood as a result of elastic
heterogeneities in disordered systems [47, 49, 50]. How-
ever, depths of the small dips continuously decrease if we
increase the inelasticity ǫ from zero [as indicated by the
arrows in Figs. 6(a) and 7(a)]. In the case that the energy
dissipation is strong enough, e.g. ǫ = 1, the dips entirely
vanish and the phase speeds monotonously increase with
the frequencies. Therefore, it seems that there is compe-
tition between the influence of elastic heterogeneities and
that of energy dissipation in the sound speeds of granular
materials.
2. Attenuation coefficients
Next, we focus on the effect on sound attenuation. Fig-
ures 6(b) and 7(b) show parametric plots of the attenua-
tion coefficients Γα(k) and the dispersion relations Ωα(k)
obtained by fitting Eq. (7) to the normalized VAFs [Eq.
(5)]. In elastic media ǫ = 0, the attenuation coefficients
exhibit a crossover from the Rayleigh scattering (in two
dimensions), i.e. Γα ∼ Ω3α (dotted lines), to disorder-
induced broadening [20–23, 25, 29] around the intermedi-
ate frequencies (ΩL ≃ 4×10−2t−10 and ΩT ≃ 3×10−2t−10 ),
where we found small dips in the phase speeds [Figs. 6(a)
and 7(a)]. Here, the data for the smallest Ωα [squares in
Figs. 6(b) and 7(b)] deviate from the Rayleigh law (dot-
ted lines) because of the finite size effects [33–35, 46]. It
is known that the disorder-induced broadening is a struc-
tural property of disordered systems and thus insensitive
to thermal fluctuations [37–45]. However, we find that
the attenuation coefficients over the whole range of the
frequencies continuously increase with the increase of ǫ
[Figs. 6(b) and 7(b)]. Especially, Γα below the interme-
diate frequencies exhibit a continuous change from the
Rayleigh scattering to a quadratic growth, i.e. Γα ∼ Ω2α
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FIG. 6. (Color online) Phase speeds vL and attenuation coef-
ficients ΓL of the L mode (symbols) as functions of the disper-
sion relations ΩL. (a) The inelasticity ǫ increases as indicated
by the arrow and listed in the legend. The horizontal dot-
ted line indicates the continuum limit vL(0). (b) The dotted
line represents the Rayleigh scattering (in two dimensions)
ΓL ∼ Ω
3
L, whereas the solid line is the quadratic growth Ω
2
L.
The inset shows ΓL/Ω
3
L, where the symbols are as in (a).
(solid lines). Such the quadratic growth in small fre-
quencies, or large length scales, is a general consensus
among many macroscopic models of viscoelastic materi-
als [67]. Note that the theory of granular crystals predicts
the scaling Γα ∼ Ω2α in the (almost) whole range of the
wave number [13]. However, the continuous change from
the Rayleigh scattering to quadratic growth is caused by
the interplay between disorder and energy dissipation,
and thus cannot be understood by the lattice theories
straightforwardly.
IV. DISCUSSION
In this study, we have investigated sound in frictionless
granular media by numerical simulations. We used disor-
dered configurations of two-dimensional granular disks so
that our study is distinguished from the previous works of
“granular crystals” [8–11, 13]. Our focus is how viscous
forces between the disks in contact alter sound charac-
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FIG. 7. (Color online) Phase speeds vT and attenuation co-
efficients ΓT of the T mode (symbols) as functions of the
dispersion relations ΩT . (a) The inelasticity ǫ increases as in-
dicated by the arrow and listed in the legend. The horizontal
dotted line indicates the continuum limit vT (0). (b) The dot-
ted line represents the Rayleigh scattering ΓT ∼ Ω
3
T , whereas
the solid line is the quadratic growth Ω2T . The inset shows
ΓT /Ω
3
T , where the symbols are as in (a).
teristics of disordered systems [20–25, 37–45]. Numer-
ically solving the linear equations of motion [Eq. (1)],
we analyzed time development of the sinusoidal standing
waves [Eq. (3)] by the VAFs [Eq. (5)] and power spectra
[Eq. (6)]. Damped oscillations of the VAFs showed that
the standing waves are attenuated by both the scatter-
ing (due to disorder) and energy dissipation. Moreover,
the power spectra in high wave numbers and frequencies
are significantly suppressed by the viscous forces, mean-
ing that the energy dissipation takes place at grain-level.
We extracted dispersion relations and attenuation coeffi-
cients by fitting the damped oscillations [Eq. (7)] to our
numerical results of the VAFs. We found that there are
limit frequencies, i.e. the IR limits ΩIRα , above which the
VAFs are entirely damped (without oscillations). The
IR limits are monotonically decreasing functions of the
inelasticity ǫ which quantifies the strength of energy dis-
sipation in the system. Note that the IR limit for lon-
gitudinal mode ΩIRL is more sensitive to ǫ (than that for
transverse mode ΩIRT ) because the viscous forces act on
longitudinal relative motions between the disks in con-
tact. In the continuum limit, phase speeds vα become
independent of ǫ, implying that the viscous forces do not
affect macroscopic speeds of sound. If ǫ = 0, the sys-
tem conserves total energy and the phase speeds exhibit
small dips at intermediate frequencies. This phenomenon
known as sound softening is characteristic of disordered
systems [20–25] and can be related to elastic hetero-
geneities [47, 49, 50]. However, we found that the small
dips vanish with the increase of ǫ. In addition, increas-
ing ǫ, we observed that the attenuation coefficients at low
frequencies exhibit a change from the Rayleigh scatter-
ing Γα ∼ Ω3α to a quadratic growth Ω2α. The quadratic
growth can be understood by macroscopic models of vis-
coelastic materials though the crossover from Γα ∼ Ω3α
to Ω2α has never been reported [67]. We also showed that
the attenuation coefficients over the whole range of the
frequencies increase with the increase of ǫ. Therefore,
the disorder-induced broadening at high frequencies is
also affected by inelastic interactions, which is in sharp
contrast to the fact that the disorder-induced broadening
is not influenced by temperature [37–45].
Our main findings are summarized as follows: Increas-
ing the inelasticity, we find that (i) the sound softening
continuously vanishes and (ii) sound attenuation is en-
hanced over the whole range of the frequencies, where
the Rayleigh scattering at low frequencies changes to
a quadratic growth and the disorder-induced broaden-
ing at high frequencies is dominated by the energy dis-
sipation. Recently, similar trends have been found in
three-dimensional Lennard-Jones glasses [68–70], where
the sound softening disappears and the Rayleigh scatter-
ing (in three dimensions) Γα ∼ Ω4α changes to Ω3/2α with
the increase of temperature though the disorder-induced
broadening is unchanged. Because these trends are well
predicted by the field-theoretical technique [50, 68, 69],
it is an important next step to explore theoretical expla-
nations of our numerical findings (i) and (ii).
In our numerical simulations, we neglected rotational
degrees of freedom of the disks. In reality, however, tan-
gential forces and (the Coulomb or sliding) friction also
exist between the disks in contact. The tangential forces
enable the disks to rotate so that, in addition to the lon-
gitudinal and transverse modes, rotational mode emerges
[8–11, 13, 54]. To take into account the rotational degrees
of freedom, we need some generalizations of our model,
which are left to future work. Similarly, it is interesting
to study how other interaction forces, e.g. cohesive forces
due to capillary bridges in wet granular material [17],
affect the sound characteristics. Moreover, the influence
of microstructure [14], e.g. size-distributions and polydis-
persity, requires more research. For practical purposes,
numerical studies in three dimensions are also important,
where an additional degree of freedom, i.e. the twisting
motion of spheres in contact, enables a pure rotational
mode [9, 11, 13]. In addition, wave diffusion [71] and
localization phenomena [72, 73] are other important as-
pects of sound in granular materials.
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Appendix: The Hessian and damping matrix
In this appendix, we explain full details of the Hessian
(Sec. 1) and damping matrix (Sec. 2). We also derive
viscous forces often used in MD simulations of frictionless
granular disks [7] from the damping matrix (Sec. 3).
1. The Hessian
The 2N × 2N Hessian consists of second derivatives of
the elastic energy E with respect to the disk positions
ri = (xi, yi) as
D =
(
∂2E
∂xi∂xj
∂2E
∂xi∂yj
∂2E
∂yi∂xj
∂2E
∂yi∂yj
)
i,j=1,...,N
. (A.1)
The elastic energy is given by the sum of pairwise poten-
tials, i.e. E =
∑
i>j eij with
eij =
kn
2
ξ2ij . (A.2)
In Eq. (A.2), kn is the stiffness and ξij ≡ (di + dj)/2 −
rij > 0 represents the overlap between the disks, i and
j, in contact, where di (dj) is the diameter of the disk i
(j) and rij ≡ |rij | with rij ≡ ri − rj is the inter-particle
distance between the disks. The second derivatives of Eq.
(A.2) are given by
∂2eij
∂xi∂xi
= knn
2
ijx − knaijn2ijy , (A.3)
∂2eij
∂xi∂yi
= knnijxnijy + knaijnijxnijy , (A.4)
∂2eij
∂yi∂yi
= knn
2
ijy − knaijn2ijx , (A.5)
where nij ≡ rij/rij = (nijx, nijy) is the unit vector par-
allel to the relative position and aij ≡ ξij/rij is a scaled
overlap. Note that the second derivatives with different
indexes (i and j) are given by
∂2eij
∂αi∂βj
= − ∂
2eij
∂αi∂βi
(α, β = x, y) . (A.6)
2. Damping matrix
The 2N × 2N damping matrix consists of second
derivatives of the dissipation function R with respect to
the disk velocities r˙i = (x˙i, y˙i) as
B =
(
∂2R
∂x˙i∂x˙j
∂2R
∂x˙i∂y˙j
∂2R
∂y˙i∂x˙j
∂2R
∂y˙i∂y˙j
)
i,j=1,...,N
. (A.7)
The dissipation function defined as Eq. (2) is the sum of
pairwise functions, i.e. R =
∑
i>j wij with
wij =
ηn
2
(u˙ij · nij)2 . (A.8)
In Eq. (A.8), ηn is the viscosity coefficient and u˙ij =
(u˙ijx, u˙ijy) is the relative velocity between the disks in
contact. The second derivatives of Eq. (A.8) are given
by
∂2wij
∂x˙i∂x˙i
= ηnn
2
ijx , (A.9)
∂2wij
∂x˙i∂y˙i
= ηnnijxnijy , (A.10)
∂2wij
∂y˙i∂y˙i
= ηnn
2
ijy , (A.11)
∂2wij
∂αi∂βj
= − ∂
2wij
∂αi∂βi
(α, β = x, y) . (A.12)
3. Viscous forces
Substituting Eq. (A.7) into the second term on the
right-hand-side of Eq. (1), we find
− B |q˙(t)〉 = {F visix , F visiy }i=1,...,N , (A.13)
where each component on the right-hand-side is written
as
F visix ≡ −
∑
j
[ ∂2wij
∂x˙i∂x˙i
u˙ix +
∂2wij
∂x˙i∂y˙i
u˙iy
+
∂2wij
∂x˙i∂x˙j
u˙jx +
∂2wij
∂x˙i∂y˙j
u˙jy
]
, (A.14)
F visiy ≡ −
∑
j
[ ∂2wij
∂y˙i∂x˙i
u˙ix +
∂2wij
∂y˙i∂y˙i
u˙iy
+
∂2wij
∂y˙i∂x˙j
u˙jx +
∂2wij
∂y˙i∂y˙j
u˙jy
]
. (A.15)
From Eqs. (A.9)-(A.12), we find that Eqs. (A.14) and
(A.15) are rewritten as
F visix = −ηn
∑
j
(u˙ij · nij)nijx , (A.16)
F visiy = −ηn
∑
j
(u˙ij · nij)nijy , (A.17)
respectively, which correspond with the viscous forces of-
ten used in the model of frictionless granular disks [7].
Note that the viscous forces [Eqs. (A.16) and (A.17)] are
also derived from the general expression,
F
vis
i = −
∂R
∂r˙i
. (A.18)
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